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Abstract 

A random Lie group action on a compact manifold generates a discrete time Markov 
process. The main object of this paper is the evaluation of associated Birkhoff sums in 
a regime of weak, but sufficiently effective coupling of the randomness. This effective- 
ness is expressed in terms of random Lie algebra elements and replaces the transience 
or Furstenberg's irreducibility hypothesis in related problems. The Birkhoff sum of any 
given smooth function then turns out to be equal to its integral w.r.t. a unique smooth 
measure on the manifold up to errors of the order of the coupling constant. Applications 
to the theory of products of random matrices and a model of a disordered quantum wire 
are presented. 

1 Main results, discussion and applications 

This work provides a perturbative calculation of invariant measures for a class of Markov 
chains on continuous state spaces and shows that these perturbative measures are unique 
and smooth. Let us state the main result right away in detail, and then place it into 
context with other work towards the end of this section and explain our motivation to 
study this problem. 

Suppose given a Lie group Q C GL(L,C), a compact, connected, smooth Riemannian 
manifold M without boundary and a smooth, transitive group action • : Q x M. — > M.. 
Thus M. is a homogeneous space. Furthermore, let T\ ;a £ Q be a family of group elements 
depending on a coupling constant A > and a parameter a varying in some probability 
space (£,p), which is of the following form: 

T v = K exp ff> n ?vj , (1) 

where 1Z £ Q and V n ^ a are measurable maps on £ with compact image in the Lie algebra 
g of Q such that 

limsup supdl^^ll)™ < oo (2) 
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for some norm on g. This implies that T\ a is well-defined and analytic in A for A suf- 
ficiently small. The expectation value of the first order term V\ >a will be denoted by 
V = fp(da)Vi, a . 

Let us consider the product probability space (O, P) = (£ N ,p N ). Associated to to = 
(<j n ) ng N £ ^ there is a sequence (^oJneN °f group elements. An A4-valued Markov 
process x n (\,oj) with starting point xo € M. is defined iteratively by 

x n (X,uj) = T Aj(Tn ■ x n _i(A,w) . (3) 

The averaged Birkhoff sum of a complex function / on M is 

JV-l N-l 

hAf) = E - ^ E fMW) = n E( T a/)(^) , (4) 

n=0 n=0 

where in the second expression we used the Markov transition operator (T\f)(x) = 
E ct (/(7a,o- • %))■ Here and below expectation values w.r.t. P (or p) will be denoted 
by E (or E w and E CT ). Next recall that an invariant measure v\ on M is defined by the 
property J v\{dx) f(x) = J v\(dx) (T\f)(x). The operator ergodic theorem [Kal[ 19.2] 
then states that I\jy(f) converges almost surely (in xq) w.r.t. any invariant measure 
v\ and for any integrable function /. In the case that A4 is a projective space and the 
action is matrix multiplication, one is in the world of products of random matrices. If 
then the group generated by T\ a , with a varying in the support of p, is non-compact and 
strongly irreducible, Furstenberg, Guivarch and Raugi have proved [Furl IGR} IBL] that 
there is a unique invariant measure v\ which is, moreover, Holder continuous [BL]. To 
our best knowledge, little seems to be known in more general situations and also concern- 
ing the absolute continuity of v\ (except for some particular examples [MTW] and under 
supplementary hypothesis [STl ICK] ) . 

Let pi be the distribution of the random variable Vi a on t ne Lie algebra g, i.e. for 
any measurable b C g one has pi(b) = p({7 ? i, CT £ &})• We are interested in a perturbative 
calculation of I\jsr(f) in A for smooth functions / with rigorous control on the error terms. 
This can be achieved if the support of pi is large enough in the following sense. First let 
us focus on the special case 1Z = 1 and V = 0. 

Theorem 1. Let T\ a be of the form (HJ and assume 1Z = 1, V = E("Pi j(J ) = 0. Let x n 
be the associated Markov process on M. as given by ([3j) and let = Lie (supp(pi)) be the 
smallest Lie subalgebra of g that contains the support ofp%. Recall that fi(dx) denotes the 
Riemannian volume measure on M. 

Coupling hypothesis: Suppose that the smallest subgroup V ofQ containing {exp(XV),V 6 
C,A £ [0,1]} acts transitively on A4. (This is a Lie subgroup with Lie algebra 0, but it 
may not be a submanifold.) 

Then there is a sequence of smooth functions p m with j M dfi p m = 5 m fi and po > 
p-almost surely, such that for any M G N and any function f E C°°(A4), one obtains 

hAf) = E xm j M ^ dx ) p^ x ) + (^2 > aM+1 ) • (5) 
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Here the expression O f^j, A A/+1 ) here means that there are two error terms, one of 
which is bounded by Cij^ and the other by C2\ M+l with C\,C2 depending on / and 
M. Especially, C2 may grow in M so that we cannot deduce uniqueness of the invariant 
measure for small A this way (c/. Remark 1 below). 

When K / 1 or P / further assumptions are needed in order to control the 
Birkhoff sums. We assume that 1Z and V generate commuting compact groups, i.e. 
UVR- 1 = Ad n (P) = V and the closed abelian groups (TZ) = {1Z k : k i Z} and 
(V) = {exp(A'P) : A G M)} are compact. While (V) is always connected, (TZ) can pos- 
sibly be disconnected. However, there exists K G N such that (7Z K ) is connected. By 
considering the suspended Markov process {y n ) n eH with y n = XKn corresponding to the 
family 

-^A,«ji,..., uk ^>&k ' ' ' 

for (<ti, . . . , ax) G (S , p^), one can always assume that (TZ) is connected and we shall 
do so from now on. Note that the product (7Z)(V) is also a compact, connected, abelian 
subgroup of Q which will be denoted by (TZ, V) . All these groups are tori in Q and their 
dimensions are L n , L v and L n>v . Hence (TZ) = T L ^, (V) =i T Lv and (TZ,V) =i T L ^ , 
where T L = ~R. L /(2it1,) L is the L-dimensional torus. The (chosen) isomorphisms shall 
be denoted by R-ji,Rp and Rn,v respectively, e.g. Rn{9) £ (fty C GL(L,C) for 9 = 

(»i,-Ji R )e^. 

The isomorphism Rn directly leads to the Fourier decomposition of the function 9 G 
T L ^ ■-> f(Rn(0) ■ x), notably 

f(Rn(9)-x) = £ fj(x)e* e , (6) 



where 



d9 



L 



R 



1=1 

Similarly, the maps 9 G T Lr f(R v {9) ■ x) and 9 G T L ^ ^ f(R UtV (0) ■ x) lead to 
Fourier series. 

Definition 1. A function f G C°°(M) is said to consist of only low frequencies w.r.t. 
(TZ) if the Fourier coefficients fj G C°°(M) vanish for j with norm \\j\\ = Y2i=i \jl\ ^ ar 9 er 
than some fixed integer J > 0. Similarly, f is defined to consist of only low frequencies 
w.r.t. (V) or (K,V). 

The following definitions are standard (see [KDM] for references). 

Definition 2. Let us define 9 n G T Ln by Rr,(0k) = K and 9 V G R Lv by R V (\9 V ) = 
exp(A'P). Then TZ is said to be a Diophantine rotation or simply Diophantine if there is 
some s > 1 and some constant C such that for any non-zero multi-index j G 'L Ln \ {0} 
one has 



> C\\j\ 



Similar, V is said to be Diophantine, or a Diophantine generator of a rotation, if there is 
some s > 1 and some constant C , such that for any non-zero multi-index j G 7L Lv \ {0} 
one has 

\3-Bv\ > C\\j\\- S . 
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As final preparation before stating the result, let us introduce the measure p on the 
Lie algebra q obtained from averaging the distribution pi of the lowest order terms V\^ a 
w.r.t. the Haar measure dR on the compact group (H,V), namely for any measurable set 
b c 0, 

p(b) = f dR p({a G £ : RV^R' 1 G b}) . 

Theorem 2. Let T\ jCr be of the form ([1]) and x n the associated Markov process on A4 as 
given in Q. Denote the Lie algebra of {TZ^V) by x and let = Lie (supp(p), t) be the Lie 
subalgebra of q generated by the support of p and x. Suppose that the smallest subgroup 
V of Q containing {exp(A"P) : V G 0, A G [0, 1]} acts transitively on Ai. Further suppose 
that f G C°°(A4) and one of the following conditions hold: 

(i) 1Z and V are Diophantine and M. = where 8. and fj C 8. are compact Lie groups. 

(ii) / consist of only low frequencies w.r.t. (1Z,V). 

Then there is a p- almost surely positive function po G C°°{M) normalized w.r.t. the 
Riemannian volume measure /i on M, such that 



hAf) = l M Kdx) P o(x)f(x) + C(^,A) , (7) 



where p is the Riemannian volume measure on M. Moreover, the probability measure pop, 
is invariant under the action of {7Z, V) . 

The probability measures ^m=o ^ m Pm^ in Theorem Q] and pop in Theorem [2] can be 
interpreted as perturbative approximations of invariant measures v\. In fact, integrating 
([5]) over the initial condition xq w.r.t. any invariant measure v\ and then taking the limit 
iV — > oo, shows that for any smooth function 

r m 

/ v x {dx)f{x) = V A m / p(dx) Pm (x)f(x) + 0{X M+1 ) . (8) 
Jm m=Q Jm 

This means that the invariant measure is unique in a perturbative sense and, moreover, 
its unique approximations are absolutely continuous with smooth density. In fact, one 
obtains the following. 

Corollary 1. Let the assumptions of Theorem [1] or Theorem [2] be fulfilled and (^a)a>o 
be a family of invariant probability measures for the Markov processes x n {\). Then 

w* - lim v\ = po p 

A — >0 

where w*-lim denotes convergence in the weak-* topology on the set of Borel measures. 

Proof. Approximating a continuous function by its Fourier series shows that the set of 
smooth functions consisting of only low frequencies w.r.t. (TZ, V) is dense in the set of 
continuous functions w.r.t. the || • ||oo -norm. The set of probability measures is norm 
bounded by 1 w.r.t. the dual norm. Now let g G C(M). For any e > 0, there is a smooth 
function g consisting of only low frequencies such that ||/ — <?||oo < e - Then one has 

W\(f) -poKf)\ < M/ -g)\ + \v\ {g) - pop(g)\ + \pop(g - f)\ < 2e + \v x (g) - pop{g)\ ■ 
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One obtains limsup^ \ u x(f) ~ PqM/)! ^ 2e for any e > 0, so that by © 

limsup|z/ A (/) — poA*(/)l = °> 

for any continuous function / E C(M), which gives the desired result. □. 

Remark 1. According to the unique weak-*-limit for a family of invariant measures 
v\ one might expect uniqueness for the invariant measure at least in a small interval 
around 0. However we will briefly describe a simple example satisfying all conditions 
of Theorem [T] such that for any rational A the invariant measure is not unique. Let 
Q = A4 = S 1 = {z£C : \z\ = 1} and let the Lie group action be the ordinary 
multiplication. Furthermore let 1Z = 1 and Vi a be Bernoulli distributed with probability 
^ at itt and — iix and let V n ,a = for n > 2. Any measure on S 1 which is invariant 
under a rotation by \ir is an invariant measure and for rational A there are many of them. 
Therefore we expect the following to hold: given the conditions of Theorem [2] one finds 
Ao > such that for Lebesgue a.e. A E [0, Ao] there is a unique invariant measure. 

Remark 2. The main hypothesis of Theorems [T] and [2] is that the Lie group associated to 
the Lie algebra acts transitively on A4 . This can roughly be thought of as a Lie algebra 
equivalent of Furstenberg's irreducibility condition. Let us note that non-trivial 1Z, V lead 
to a larger support for p and hence weaken this hypothesis. A second hypothesis is that 
the group (TZ) is compact. This excludes many situations appearing in physical models 
where hyperbolic or parabolic channels appear. In some particular situations this could 
be dealt with [SBTIISS] . 

Remark 3. As by the main hypothesis the action of Q on A4 is transitive, A4 is always a 
homogeneous space and given as a quotient of Q w.r.t. some isotropy group, but hypothesis 

(i) requires that A4 is, moreover, a quotient of a compact group (which in the examples 
of Section [5] is a subgroup of Q). The assumption that Q C GL(L,C) (or, equivalently Q 
has a faithful representation) is only needed for the proof of Theorem [2] under hypothesis 

(ii) . 

Remark 4. Suppose ^ is a compact subgroup of Q acting transitively on M. (which is a 
special case of the condition in Theorem 2(i)). Then the Haar measure dk on & induces 
a unique natural ^-invariant measure on A4 which one may choose to be /x (which is 
also the volume measure of the metric J dK K*g). It is interesting to examine whether 
Po = > that is the lowest order approximation of the invariant measure is given by the 
natural measure. The proof below provides a technique to check this. More precisely, in 
the notations developed below, C*1m = implies that po is constant. An example, where 
this can indeed be checked is developed in Section [5j Note that, if ^ is as above, then 
any conjugation N&N^ 1 with an element M G Q has another natural measure, given by 
JMP where J_\f is the Jacobian of the map x ^ N ■ x. Unless /x is invariant under all of 
Q, the equality po = 1m is hence linked to a good choice of ^. If [i is invariant under Q, 
then it is also an invariant measure for the Markov process and under the hypothesis of 
Theorem [2] one therefore has po = ^M- 

Remark 5. If (1Z, V) acts transitively on A4, then the measure pofi is uniquely determined 
by the fact that it is invariant under the action of {1Z, V) and normalized. Moreover, Ai 
is isomorphic to the quotient of (1Z, V) and the stabilizer S x of any point x G M. (which is 
a compact abelian subgroup of (1Z, V)). Hence in this case, M. is a torus and the action is 
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simply the translation on the torus. Consequently the measure pop is the Haar measure. 
Note that, if V = 0, this holds independently of the perturbation and is imposed by the 
deterministic process for A = 0. 

Remark 6. If the action of (1Z) on A4 is not transitive, there are many invariant measures 
uq for the deterministic dynamics (in particular, i£ 1Z = 1 any measure is invariant under 
(TZ)). Under the hypothesis of Theorems [T] and [21 the random perturbations V\ a and 
single out a unique perturbative invariant measure pop. 

Remark 7. We believe that condition that 1Z and V commute is unnecessary. In fact, 
we expect that conditions on V can be replaced by conditions on V = J^dRRVR^ 1 . 

Remark 8. Let us cite prior work on the rigorous perturbative evaluation of the averaged 
Birkhoff sums @. In the case of Q =SL(2,R), Ai = MP(l) and a rotation matrix 
TZ in dl]), Pastur and Figotin |PF| showed ([7]) for the lowest two harmonics whenever 
TZ,TZ 2 ±1. The above result combined with the calculations in Section [5] shows that 
([7]) holds also for other functions with pq = l_A/j. Without the conditions 1Z,TZ 2 ^ ±1, 
Theorem [2] was proved in |SB2|, 155] . Moreover, when 1Z K = 1 (at so-called anomalies) 
and for an absolutely continuous distribution on G, Theorem Q] was proved by Campanino 
and Klein |CKj . Quasi-one-dimensional generalizations of [PF] in the case where Q is a 
symplectic group were obtained in [SBH |5B_3] . The work [DP] is an attempt to treat higher 
dimensional anomalies. To further generalize the above results to quasi-one-dimensional 
systems was our main motivation for this work. 

Remark 9. Our main application presented in Section[5]is the perturbative calculation of 
Lyapunov exponents associated to products of random matrices of the form ([I]). Moreover, 
we show how to choose N (cf. Remark 5) such that po = 1_m- This property is called the 
random phase property in [RSB] which is related to the maximal entropy Ansatz in the 
physics literature. Section [5] can be read directly at this point if Theorem [2] is accepted 
without proof. 

Remark 10. The recent work by Dolgopyat and Krikorian [DK] on random diffeomor- 
phisms on S d contains results on the associated invariant measure and Lyapunov spectrum 
which are related to the results of the present paper. The main difference is that |DK] as- 
sume the random diffeomorphisms to be close to a set of rotations which generate SO(<i+l) 
while in the present work the diffeomorphisms are to lowest order given by the identity 
(Theorem 1) or close to one fixed rotation (Theorem 2). As a result the invariant measure 
in Proposition 2 of [DKj is close to the Haar measure while it is determined by the random 
perturbations in the present paper. In the particular situation of the example studied in 
Section 5 the randomness is such that the invariant measure is the Haar measure and as 
a consequence the Lyapunov spectrum is equidistant, just as in [DK]. 

In order to clearly exhibit the strategy of the proof of the theorems, we first focus 
on the case 1Z = 1 and V = in Sections [2] and El which corresponds to a higher 
dimensional anomaly in the terminology of our prior work [SB2J ISSj . The main idea is 
then to expand T\f into a Taylor expansion in A. This directly leads to a second order 
differential operator C on M of the Fokker-Planck type, for which the Birkhoff sums 
I\^{Cf) vanish up to order A. Under the hypothesis of Theorem[[J it can be shown to be 
a sub-elliptic Hormander operator on the smooth functions on Ai with a one-dimensional 
cokernel. Then one can deduce that C + C(C°°(M)) = C°°(M) and that the kernel of C* 
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is spanned by a smooth positive function pq. These are the main elements of the proof 
of Theorem [1] for M = 1. Then using the properties of the operators C and C* and a 
further Taylor expansion of T\f one can prove Theorem [T] by induction. The additional 
difficulties for other 7Z, V in Theorem [2] are dealt with in the more technical Section |U 
The applications to Lyapunov exponents are presented in Section 

Acknowledgments: We thank A. Bendikov for many helpful discussions and hints to 
the literature at an early stage of this work, and the referee for a number of helpful 
suggestions. We received financial support by the DFG. 



2 Fokker-Planck operator and its properties 

In this section we suppose 7Z = 1 and V = E^i^) = in ([1]) and introduce in this case 
the backward Kolmogorov operator C and its adjoint £*, called forward Kolmogorov or 
also Fokker-Planck operator. Their use for the calculation of the averaged Birkhoff sum 
is exhibited and several properties of these operators are studied. One way to define the 
operator C : C°°(M) -» C°°(M) is 



d 



2 



(£/)(.) - dA2 



P\/)M ■ (9) 

A=0 

Let us rewrite this using the smooth vector fields dp associated to any element P £ Q by 

d 



o P m dA 



f(e xp -x). (10) 

A=0 



Then C is given by 

C = E ct (4 1ct +2dp 2jCT ) . (LI) 
Proposition 1. For F G C°°(Ai) one has 

h, N (CF) = A 



Proof. For P E g, a Taylor expansion with Lagrange remainder gives 

F(e p ■ x) = F(x) + (d P F)(x) + \ (d 2 P F)(x) + \ (d P F)(e^ p ■ x) , 

for some X G [0, 1]. Choose P = XP lj<7 + X 2 V 2 ,a + A 3 5 (T (A), where S a (\) = ££L 3 \ n - 3 V n ,* 
and use that V\ a is centered to obtain 



E CT F(T A , CT • x) = F{x) + E CT ( A 2 ( - 8 Pl a F{x) + d V2 a F{x) ) ) + 0(A 3 ) 



1 

2 

= F(x) + ^X 2 CF(x) + 0(A 3 ) . 

The error terms depend on derivatives of F up to order 3 and are uniform in x because A4 
is compact and Pi,a,P2,a and <S CT (A) are compactly supported by ([2]). Due to definition 
(|3|) this implies 

1 - 1 N ^ A 2 

n=l n=0 
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As the appearing sums only differ by a boundary term, resolving for I\n(£F) finishes 
the proof. □ 

Next let us bring the operator C into a normal form. According to Appendix A, one 
can decompose V\ A into a finite linear combination of fixed Lie algebra vectors V% G g, 
i £ I, with uncorrelated real random coefficients, namely 

i=l 

Then (jlll) implies that C is in the so-called Hormander form 

I 

c = Y. d v, + 25 e< 

i=l 

where Q = E <J (T , 2,a)- Using the main assumption of Theorem [1] (that is, C u) one can 
show that C satisfies the strong Hormander property of rank r G N |Hor[ \RS\ Ul 



Proposition 2. Under the assumptions of Theorem [TJ there exists r G N such that C 
satisfies a strong Hormander property of rank r, i.e. the vector fields dp i and their r -fold 
commutators span the whole tangent space at every point of M . 

In order to check this, one needs to calculate the commutators of vector fields dp, dn 
for P, Q G g. Let Xp,Xq denote the left-invariant vector fields on Q and furthermore 
introduce for each x G M. a function on Q by f x (T) = f(T ■ x), T G Q. Then one obtains 



dpd Q f{x) = 



(d Q f)(e xp -x) = — — 

A=0 dAd /^ 



f(e^e xp -x) = X Q X P f x (l) 



which implies 

(d P d Q - d Q d P )f{x) = (X Q Xp-X P X Q )f x (l) = X [QjP] f x (l) = d [QiP] f(x), (12) 

where [Q, P] denotes the Lie bracket (this is well-known, see Theorem II. 3. 4 in [Helj ) . We 
also need the following lemma for the proof of Proposition [2j 

Lemma 1. LetlA C Q be a Lie subgroup of Q that acts transitively on A4 and denote the 
Lie algebra oflA by u. Then the vector fields dp, P G u, span the whole tangent space at 
each point of M . 

Proof. First let us show that there is a dense set of points in Ai for which the vector 
fields dp, P G u, span the whole tangent space. Indeed, for a fixed x G M consider the 
surjective, smooth map ip x :U — > A4, (p x (U) = U ■ x. A point x' G M. is called regular for 
ip x if and only if for any point in the preimage of x' the differential Dip x is surjective. For 
each point x' , the hypothesis implies that there is a U G IA such that x' = (f x (U) = U ■ x 
and the regularity of x' then shows that the paths A h- > ip x (e xp U) = e xp ■ x', P G u, span 
the whole tangent space at x' . By Sard's theorem |Hir] . the set of regular points is dense 
in M. 

Actually the existence of only 1 regular point x implies that all points are regular. In 
fact, again any other point is of the form x' = U ■ x. As the map x i— ► x' = U ■ x is a 
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diffeomorphism, the push-forward of the paths A i— ► exp(AP) -x, P £ u, given by the paths 
A i ► f7exp(AP) • x = e XUPU ■ x', P € u, span the tangent space also at x' . □ 

Proof of Proposition [2j Define iteratively the subspaces c r C by 

Di = span{:Pi :l<i<I}, d r = span (t) r _i U [t> r _i, Di]) . (13) 

By definition one has di = span(supp('P -)). The space d C defined in Theorem [T] is 
equal to d = Lie(di). Due to (|12p . the strong Hormander property of rank r is equivalent 
to the property that dp, P £ V r , spans the whole tangent space at every point x £ M. 

By the Lemma[]]and the assumption of Theorem [1] this is fulfilled if d r = d for some r. 
As the vector spaces d r are nested and g is finite-dimensional, the sequence has to become 
stationary. This means, there is some r such that d r = t> r +i- Using the Jacobi identity, 
one then checks that d r is closed under the Lie bracket and therefore d r = d. □ 

Next we want to recollect the consequences of the strong Hormander property of rank 
r as proved in [Horj, IRS} IJS] . The first basic fact is the subelliptic estimate within any 
chart 

< C(||£/|| (0) + ||/|| ( o)), (14) 

where || . \\( 8 \ denotes the Sobolev norms. Using a finite atlas of A4 one can define a global 
Sobolev space H S (A4) with norm also denoted by || . \\r s y Then the estimate (|14[) holds 
also w.r.t. these global norms. Moreover, the norm || . ||( ) can be seen to be equivalent 
to the norm in L 2 (A / i,/x) where fi is the Riemannian volume measure. As usual, the 
embedding of H s+e {M) in H S (A4) is compact for any e > 0. 

The second basic fact is the hypoellipticity of C In order to state this property, let 
us first extend C in the usual dual way to an operator £ dia on the space V = (C°°(Ai))' 
of distributions on Ai. Then hypoellipticity states that, for any smooth function g, the 
solution / of C dis f = g is itself smooth. 

The Fokker-Planck operator C* is the adjoint of C in L 2 (A4, /i). Because A4 is compact 
and has no boundary, the domain T>(£*) of C* contains the smooth functions C°°(M). 
Furthermore C* is again a second-order differential operator with the same principal 
symbol as C. Therefore also C* satisfies the strong Hormander condition of rank r. Thus 
the subelliptic estimate as well as the hypoellipticity property also holds for £* is . We, 
moreover, deduce that C is closable with closure C = C** C £ dis . 

The following proposition recollects properties of £ as a densely defined operator on 
the Hilbert space L 2 (A4 , //) . 

Proposition 3. There exists cq > such that for c > cq the following holds. 

(i) C — c is dissipative. 

(ii) (£ - c)(C°°(M)) is dense in L 2 {M,fi). 

(iii) C — c is maximally dissipative. 

(iv) C — c is the generator of a contraction semigroup on L 2 (A4, fi). 

(v) The resolvent (C — c)~ l exists and is a compact operator on L 2 (A4,/x). 
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Proof, (i) Let us rewrite L: 

I 

Cf = ^[div(^(/)^) - div(^)^(/)] + 2d Q (f) . 
i=i 

Defining X to be the smooth vector field 2 8q — ^2idiv(dp i )&p i , one has 

Cf = ^div(^(/)0 P J + X(f). 
i=i 

For a real, smooth function /, the divergence theorem and estimate on the negative 
quadratic term gives 

(f\Cf) = [ d/i 
Jm 

Using 2fX(f) = X(f 2 ) = div(f 2 X) — / 2 div(X) and again the divergence theorem, it 
follows that 

(f\Cf) < -\J M &nd\v{X)f < \\\<to{X)\\~\\f\$ ■ (15) 

As C is real, it follows that Re(/ | (£ - c)f) < for / G C°°(.M) and c > c where 
Co = |||div(X)||oo- By definition, this means precisely that C — c is dissipative. 

(ii) Let h G L 2 (M,fi) such that (h\Cf- cf) = for all / G C°°(7W) = £>(£). Then 
/i is in the kernel of £^ is . By hypoellipticity it follows that h G C°°(7W). Therefore 
(/i | Ch) = c 1 1 1 1 ^ contradicting (fT5|) unless h = 0. 

The statement (iii) means that there is no dissipative extension, which follows directly 
from (i) and (ii) by [Davl 2.24, 2.25 and 6.4]. Item (iv) follows from the same reference. 

Concerning (v), the existence of the resolvent follows directly upon integration of the 
contraction semigroup. Its compactness follows from the subelliptic estimate (|14p and the 
compact embedding of H S {M) into L 2 (A4,/x). □ 

The next proposition is based on Bony's maximum principle for strong Hormander 
operators [Bon], as well as standard Fredholm theory. 

Proposition 4. (i) The kernel of C consists of the constant functions on A4. 

(ii) The kernel of C* is one-dimensional and spanned by a smooth function po- 

(iii) Ran£ = (ker C*) 1 - and Ran£* = (kerZ)- 1 = (ker C) L . 

(iv) po is p-almost surely positive. 

Proof, (i) By Corollaire 3.1 of [Bon] a smooth function / which has a local maximum and 
for which Cf = has to be constant on (the pathwise connected compact set) A4. If / 
lies in the kernel of the closure C = £**, then C dis f = 0. As £ is hypoelliptic, / G C°°(A4) 
and therefore / is again constant. 

(ii) Choose c > Co as in Proposition [3] and let K = (C + c) -1 . Then one has 
Cf = g & (C + c)f = cf + g o f = cKf + Kg & (l-cK)f = Kg, 



E9Pi(/)^i(/) + fx(f) 



i=i 



< 



dpfX(f) 



M 
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and similarly C*f = g 44> (1 — cK*)f = K*g. For g = this implies ker£ = ker(l — cK) 
and ker£* = ker(l — cK*). By the Fredholm alternative (the index of 1 + cK is 0) the 
dimension of these two kernels are equal and by (i) hence both one-dimensional. The 
smoothness of the function in the kernel follows from the hypoellipticity of C* . 

(hi) For v G ker C* = ker(l — cK*) and (g | v) = 0, one has = (g \ v) = (g \ cK*v) = 
c(Kg | v), therefore g G (ker £*) implies Kg G ker(l — cK) and the Fredholm alternative 
states that {l—cK)f = Kg is solvable. Hence by the above, Cf = g is solvable. Therefore 
Ran£ = (ker £*) . The other equality is proved analogously. 

(iv) Let / > be smooth and suppose that Jdppof = 0. According to (ii), (hi) 
and hypoellipticity this implies that / = CF > for some smooth F. Again by Bony's 
maximum principle F is constant and therefore / = 0. Hence for any non-vanishing 
positive function / one has J d/i po f > 0. □ 

Even though not relevant for the sequel, let us also prove the following 

Proposition 5. C generates a contraction semigroup in (C(M), \\ . ||oo), also called a 
Feller semigroup. 

Proof. This will follow directly from the Hille-Yosida theorem |Kal[ 19.11] once we 
verified that (£ — c)C°°(M) is dense in C(M) for some c > and that £ satisfies the 
positive-maximum principle. The first property follows from the existence of the resolvent 
(Proposition [3|) and the hypoellipticity. For the second, let a smooth / have a positive 
local maximum at some x G A4. Then one only has to check {Cf){x) < 0, which follows 
because the first derivatives of / vanish, its second derivative is negative and the principal 
symbol is positive definite. □ 

One can rewrite ([9]) as lim^o 2j?(T\ — l)f = Cf in || . and for / G C°°{M.). Hence 
the above statement and [Kalj 19.28] implies directly the following approximation result 
of the Feller process by the discrete time Markov processes. 

Corollary 2. Lete denote the Feller semigroup o/Proposition[5j Then with convergence 
in(C(M),\\4oo) 

lim T^ ] f = e tc f . 

Finally, let us note yet another representation of the generator /^following from the 
two above, namely C = limjv^oc, \ N@ ((T N - a ) N — l) where f3 = 2a — 1 > and with 
strong convergence. 

3 Control of Birkhoff sum in the case 1Z = 1, V = 

The aim of this section is the proof of Theorem [TJ 

Proposition 6. Let 1Z = 1 and V = 0. The kernel of C* dis is spanned by a non-negative 
smooth function po that is normalized by f M dppo = 1 . For f G C°° (M ) 
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Proof. By hypoellipticity the kernel of £*j is coincides with the kernel of C* . First we show 
C°°(M) =C1 M +CC°°(M). Indeed, let / G C°°{M). Set C = J M dfifpo and / = f-C. 
Then one has J M dp f po = and therefore / G (ker £*) = Ran£ by Proposition |H By 
hypoellipticity, / G £(C°°(7W)). 

Now using Proposition [1] and the above decomposition 

hAf) = hAf + C) = C + /a,7v(^) = C + 0(N- l X-\X) , 

one completes the proof. □ 
In order to prove Theorem [H let us define the operators 



£ (M) /(*) 



M 



(T x f)(x) , / G C°°(M) 

A=0 



dA A/ 

Then = as Vi,a is centered and = C. Using ([1]) these operators can be written 
as 

£ ,m, / = eJ£: e aw/) ■ 

\m=0 a 1 + ... + a m = M / 

Hence £< M ) is a differential operator of order M. As lj^ G ker£( m ) and hence ker£ C 
ker £( m ) for all positive m, one obtains using Proposition 2] (iii) 

Ran£ (m) * C (ker C™) 1 - C (ker£) ± = Ran£* . 

Therefore, and as ker£* is one dimensional, the functions pm for M G N are iteratively 
and uniquely defined by 

M 

2)!' 



C *PM = E^^nT £(m+2) *^— > / d ^PM = 0, (16) 
^^ + 2)1 J M 

with given by Proposition [6j By induction and hypoellipticity of £*, it follows that 
Pm is a smooth function for all M, therefore the r.h.s. of (|16p always exists. Now we can 
complete the 

Proof of Theorem [TJ The proof will be done by induction. The case M = is contained 
in Proposition [6j For the step from M — 1 to M, we first need a Taylor expansion of 
higher order than done so far. As V\ >c is centered and due to the compact support of V n>a 
and ^2 m>n X rn ~ n T , n t a (uniform for small A by ([2])), one obtains with uniform error bound 



M+2 . m 

T x F(x) = F(x) + -\ 2 CF{x) + Y — £ {m) F(x) + 0(A M+3 ) , 



m=3 
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which using the induction hypothesis implies for Birkhoff sums 

m=l x y 

m=l !=1 v ; v 7 

= U, Pm {CF) + o(x^\^-) . 

m=l ^ ^ ' 

The last step follows from the definition (|16|) of p m . Now given any smooth function /, 
we can write it as / = f dp pof + CF and obtain 

hMf) = [ d /W + W d ^PmCF + o (a m+1 ,^) 
= j;r/d Wm / + o(A^-i) 

m=0 J ^ ' 

where the last step follows from j* dp p m = for m > 1. □ 

4 Extension to lowest order rotations 

In this section the lowest order matrix 1Z is an arbitrary rotation and E(7 3 i jCT ) = V 
commutes with 1Z and generates a rotation. For any R £ £/ let us consider the associated 
diffeomorphism ieMh R-x and its differential Di?. Then the push-forward of functions 
/ : M. — ► C and vector fields X = (X x ) x( z_m are defined by 

(R*f)(x) = /(R^-x), {R*X) R . X = DR X {X X ). 

The pull-back is then R* = With these notations, R*(Xf) = (R*X)(R*f) and 

R4d P (R*f)) = (R*d P )f = d RPR -if. 

Furthermore we set R*(XY) = (i2*X)(i2*Y) for the composition of two vector fields X 
and Y. 

Now let C be defined as in (fTT|) (note that this is not equal to the r.h.s. of ([!])). As 
1Z is a zeroth order term in A, the Birkhoff sums are to lowest order given by averages 
along the orbits of 1Z. Furthermore the expectation of the first order term, XV, then 
leads to averages over the group (V) to order A. It is hence reasonable to expect that 
an averaged Kolmogorov operator has to be considered. In order to define it recall that 
there are unique, normalized Haar measures on the compact groups (1Z), (V) and (1Z,V). 
Averages with respect to these measures will be denoted by E^ , and E/^p\ ; the 
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integration variable will be R. As the Haar measure is denned by left invariance and the 
groups (1Z) and (V) commute by hypothesis, one has En-p\ (g(R)) = E/-p\(g(R) for 
g(R) = E(ji}(g(RR)) and any function g on (1Z,V). Then set 

t = E M (R*C) = E (7 ^> + d P + Mrqr-iJ (17) 

where V% are obtained by decomposing the centered random variable V\ a ~ T into a sum 
Yli Vi,</Pi such that the real coefficients satisfy E(ui )(J Uj/ )Cr ) = (cf. Appendix A). With 
this definition we are able to prove a result similar to Proposition [TJ 

Proposition 7. Let f £ C°°(M) and assume one of the following conditions to hold: 

(i) 1Z and V are Diophantine and A4 = for compact Lie groups R and f) C 

(ii) / consists of only low frequencies w.r.t. (11, V). 
Then one has 

For the proof we first need the following lemma. 

Lemma 2. Let f E C°°(M), f = E {n) (R*f) and f = E {v) (R*f ) = E { ^ v) (R*f). If 
either (i) or (ii) as in the Proposition [7] holds, then 

f - fo = g - n*g , f - f = dp E {n) (R*~g) , (18) 

for smooth functions g,g £ C°°(M). 

Proof. The group (1Z) is isomorphic to a torus T Ln with isomorphism Rn(6) G (1Z). 
Furthermore we define 0-ji by 1Z = Rr(Pti)- If / consists of only low frequencies w.r.t. 
(1Z,V), it can be written as finite sum of its Fourier coefficients 

/= /i> where fj(Rn(0)-x) = e % i-°fj{x) , 

\\3\\<J 

where the Fourier coefficients are calculated as in (|6|). Now set 

g = y fi . 

o<||i||<j 1 eJ n 

This is well-defined because On is irrational as it generates the whole torus. Then g—1Z*g = 

z2o<\\j\\<J fj — f-fo- 

As (V) is an embedded subtorus in (1Z,V), fo consists of only low frequencies w.r.t. 
(V). Let R-p(0) denote the isomorphism of T Lv with (V) such that e xv = Rp(XO-p). One 
can decompose fo = E/-m ((R)*f) into a Fourier sum w.r.t. the group (V): 

fo = E fi> where fj(RAO)-x) = e^fj(x). 
\\j\\<J 
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Then 

~ - \ " fj 

<\m<j lJ ' §v 

satisfies d-pg = fo — fo- Furthermore fo — fo is invariant under 1Z which commutes with 
V, thus 

/o-/ = B {n) (R*d v ~g) = &pE {n) (R*~g) . 

In case (i), g and g will be defined by the same formulas, but with infinite sums. Thus 
we have to show that these sums are well defined and that they define smooth functions 
on A4. Let p : 8. — > M be the projection identifying M with and define the smooth 
class function F(K, 9) = f(Rjl(6) -p(K)) on the compact Lie group & x T iw . We want to 
compare the Fourier series © of / w.r.t. 1Z with the Fourier series of F as given by the 
Peter- Weyl theorem. By Theorem [5] in Appendix B, this Fourier series of F is given by 

f(R n (9)-p(K)) = F(K,9) = £ £ d(a) Tr (FF(a,j)ir a (K)) e^ 6 

where W+ denotes the set of highest weight vectors of ir a : & — > U(d(a)) is the <i(a)- 
dimensional, unitary representation of .ft parameterized by a, and J r F(a,j) is a d(a) x d(a) 
matrix given by 



TF{a,j) = [ dK I d9F(K,9)ir a (K- 1 )e 



ij-e 



Here d9 and dK denote the normalized Haar measures. Comparing this equation with 
([!]), one obtains that the Fourier coefficients w.r.t. (1Z) satisfy 

fM K )) = E d(a)Tr(FF(a,j)n a (K)) . 
aew+ 

Let gj(x) = (1 — e* J for \\j\\ > 0. The next aim is to verify that the infinite sum 

g = Yl\\j\\>o9j defines a smooth function on M.. 

As F is smooth, the Fourier coefficients J-F(a, j) are rapidly decreasing by |Su] or The- 
orem [H in Appendix B, meaning that ]im|i( 0iJ -)i|_ >00 ||(a, ^H^H^-F^a, j)\\ = for any natural 
h. Here one may choose some norm for which |(a,j)|| > ||j|| and \\J-F(a, j)\\ denotes the 
Hilbert-Schmidt norm. As 1Z is Diophantine, |e u ' 0K — 1| > C||j||~ s > C||(a,j)||~ s for 

some natural s and the coefficients !FG{a,i) = (l — e^'® 71 ^ J r F(a,j) defined for ||j|| > 
are still rapidly decreasing. Therefore 

G(K,0) = E E d(a)Tr(FG(a,j)ir a (K)) e v- e = ^ gj (p(K))e* e . 

||i||>0aeW+ ||i||>0 

is a smooth function and the series converges absolutely and uniformly by Theorem 0J 
Setting 9 = 0, this implies that S||j||>o5'i converges uniformly to a smooth function g on 
M satisfying g - 1Z*g = E||j||>o fj = f~ fo- 

As before we write fo = E^(i?*/) as sum of Fourier coefficients w.r.t. (V), so 
fo = Yljfji an d let c/j = (ij ■ 9-p)~ l fj for > 0. Consider the function F{K,9) = 
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fo(R-p(0) -p{K)) on 8. x T Lv , just as above define the Fourier coefficients J r F(a,j) for a G 
W+, j 6 ^ and let ^G(a,j) = (»j • Ap)" 1 ^F(a, j). As > C[|j||-* > C \\(a, j)\\~ s 

the coefficients TG{a,j) are rapidly decreasing, the series 



aew+ jez^p ' ' lb'll>o 

converges absolutely and G is smooth. Thus g = Yl\\j\\>o9j exists, is smooth and 



dv ~ g dX 



j 

d 

A=0 



E sj z lXrev = E h = fo-fo- 

\\j\\>o \\j\\>o 



As fo — fo is ^-invariant one obtains also dp Em\(R*g) = fo — fo- 1=1 
Lemma 3. If either (i) or (ii) as in the Proposition [7J holds, one has 

hAf) = h,N(V(n,r)(R*f)) + (^Jn 
Proof. Similar as in the proof of Proposition [1] a Taylor expansion gives 

E CT F(T Aiff • x) = ft*F(x) + \ dpK*F{x) + —CK*F(x) + <D{\ 3 ) , 
where the error term is uniform in x. For Birkhoff sums this implies 

i x>N (F-n*F) = \i X:N (d v n*F) + ^i x>N (cn*F) + o(\\-^j . (19) 

Using this for F = g, it therefore follows that ~ /o) = A,iv(ff - K*g) = O (A, iV" 1 ) . 

The function F = E/-R\{R*g) is TZ* -invariant, so that the l.h.s. of (fT9l) vanishes, and it 
follows that 

hAfo-fo) = h,N(&pV { n)(R*~g)) = °( A '^ 

Combining both estimates completes the proof. □ 

As an immediate consequence one obtains the following. 

Corollary 3. The derivative dR-ji.v of the isomorphism R-ji,v '■ T Ltl ,v gives an isomor- 
phism from iR. Ln > v to the Lie algebra x of (TZ,V). Let Q\, . . . , Ql u v be the images of the 
standard orthonormal basis. Then one has exp(2-7rQj) = 1 and the Qi span r. If either (i) 
or (ii) as in the Proposition [7J holds, one has 



1\..\U)q,{/)) - O { A, -^r ) implying 



Proof. First note that &Q i f consists of only low frequencies w.r.t. (1Z,V) whenever / 
does. By Lemma it is sufficient to prove E/- ! ^- p dR*(dQ i f)) = 0. This can be easily 

checked to be true as Jq dt exp(2irtQi)* (dQ x f) = 0. □ 
The following lemma is only needed for the proof of Theorem [2] under hypothesis (ii). 
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Lemma 4. For any Lie algebra element P G Q, smooth function f on M and any x G 
M., the map (11, V) — > C, -R i— ► d RPR _ 1 f(x), i £ ~N, is a trigonometric polynomial on 
(1Z,V) with uniformly bounded coefficients and uniform degree in x £ Ai (depending on 
i though). This implies that the function £(Em-p\(R* f)) consists of only low frequencies 
w.r.t. (11, V). 

Proof. As stated above, (1Z,V) C Q C GL(L,C) is isomorphic to T Ln > v and the isomor- 
phism is denoted by Rfc-p(9) G (1Z, V) . Furthermore this group lies in some maximal torus 
of GL(L, C). As all maximal tori are conjugate to each other, so that by exchanging Q with 
some conjugate subgroup in GL(L,C) one may assume (1Z,V) to be diagonal, i.e. it con- 
sists of diagonal matrices R(9) = diag(e l ^ 1 W, . . . , e tipL ^). Beneath the <p\(9), <£l(0) 
there are maximally Ln t -p rationally independent, and each is a linear combination with 
integer coefficients of 9\, . . . ,9l kp . Hence any trigonometric polynomial in (f(9) is a 
trigonometric polynomial in 9 (possibly of higher degree), that is a trigonometric polyno- 
mial on (1Z, V). 

On g C gl(L,C) consider the usual real scalar product ^keTi(P*Q) = $teY^ a bPabQab, 
where P a i, denotes the entries of the matrix P. Let M = dining) and B 1 , . . . , B M G g 
be some orthonormal basis for g w.r.t. this scalar product. If R = diag(e iVl , . . . , e lVL ) £ 
(1Z,V) and P G g, then one has 

M L M L 

RPR- 1 = J2^e(Bj b (RPR- 1 ) ab )B m = ^ (B™P ab e^"^) B m , 

m=l a, 6=1 m=l a, 6=1 

and therefore 

(ml y 

^RPR-^f = EE ^e(B^P ab e<^-^) d Bm f 

\m=l a, 6=1 / 

is a trigonometric polynomial in tp. Thus by definition of C, the map R \— * R*(C(R* /)) = 
(R*C)f is a trigonometric polynomial on (11, V), and therefore also R i— > R*(Cf) for 
/ = Em-p\(R* /). But this means precisely that £,/ consists of only low frequencies w.r.t. 
(K,V). ' □ 

Proof of Proposition As C = E {1liV) (R*C), it follows for R G (1Z,V) that (R*C)f = 
Cf = (R*C)f. This implies R*(Cf) = C(R* f) and E {n , v) (R* (Cf)) = C(E { ^ V) (R* f)). 
Hence the Fourier coefficients of Cf are given by 

(Cf), = C(f 3 ) . (20) 

Therefore Cf consists of only low frequencies w.r.t. (1Z, V) whenever / does. Furthermore 
one obtains for / = E/^-p\(R* f) the following equalities 

E {n>v) (R*(Cf)) = Cf = E {njP) (R*(£(R*f))) = E {n>T) (R*(Cf)) 

Now Cf consists of only low frequencies by Lemma [H 
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Thus applying Lemma [3] twice (the hypothesis are given either by hypothesis (i) of 
Proposition [7] or by (ii) and Lemma One obtains 

As 11* f = f and dpf = 0, equation (H2|) for F = f implies 

/ A)iV (£/) =o(±p,\ 



^X 2 N 

which combined with the above finishes the proof. □ 

After these preparations the proof of Theorem [2] is analogous to the case 1Z = 1 . 
Proof of Theorem [2j Consider the Markov process on M induced by the random family 

T Xt& = exp(A7V + A 2 TV) 

where a = (a, R, a, (3, i) G t = £ x (K,V) x {-1,1} x {-1,1} x {l,...,L n , v } and 
Vl >9 = {RVi^R- 1 - V) + aV + (5Qi , V 2 ,& = RV^aR" 1 ■ The Q { are defined as in 
Corollary [3] £ is equipped with the probability measure p x dRx l(6-i + S x ) x l(8-i + 
<5i) x — (<^i + • • • +<5lizt) where dR denotes the Haar measure on (1Z,V). Let us define 

£ = t + Ef=i P 4,- As E *(?V) = o, 

£ = E 5 a + E^E, (^ lijJ e-i_ JJ + ^ + 2a^ i , B -i) = E* [d 2 Via +2dp 2 .) 
i=i 

and span(supp(7 : 'i ] 5-)) = span(supp(p), r), this new process leads to the operator C = 
£ + Y^i={ V ^Qi instead of C and the whole analysis done for C in the case 1Z = 1, V = 
is applicable to C now due to the hypothesis of Theorem [2j In particular, C and C* are 
hypoelliptic operators, the kernel of C consists of the constant functions and the kernel of 
C* is one-dimensional and spanned by a normalized, smooth function po > 0. Furthermore 
C°°(M) = CIm + CC°°(M) and hence for any smooth function / and C = J M dppof, 
there is a smooth function g such that f = C + Cg. 

Assume / consists of only low frequencies, i.e. fj = for \\j\\ > J. Then by equation 
([20]) one obtains for frequencies ||j|| > that fj = (f — C)j = Cgj and hence Cgj = for 
|| J || > J- Therefore gj is constant, which means gj = as \\j\\ > J > and g consists of 
only low frequencies if / does. Hence Proposition [7] implies for both cases (i) and (ii) the 
first statement of Theorem [2j 

hMf) = c + hA£9) = c + o (a, 

To see that the measure pop is {1Z, "P) -invariant, let again / be any smooth function. 
As mentioned above, there exists g G C°°(A4) and C G C such that Cg = f — C. For all 
R G (K,V), this implies CR*g = R* Cg = R* f - C and hence / - R*f = C(g - R*g) G 
(ker £*) which gives 

/ dpp (f - R*f) = 0. 
JM 

This is precisely the stated invariance property of the measure pop. □ 
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5 An application to random Jacobi matrices 



5.1 Randomly coupled wires 

Here we consider a family H\ of random Jacobi matrices with matrix entries of the form 

(H\1p) n = -1p n+l ~ Vn-1 + A W an lP n , TP = (lP n )n& G (C L ) xZ , 

where the (W CTn ) n gz are independently drawn from an ensemble of hermitian L x L ma- 
trices, for which all the entries W% E C, 1 < i < j < L, and W k & E R, 1 < < L, are 
independent and centered random variables with variances satisfying 

E(W^) = , EflWi,/) = 1 , E(Wl k ) = 1 , (21) 

This is equivalent to having E(WijWfc i) = 5ij5j : k- This model is relevant for the quan- 
tum mechanical description of a disordered wire, consisting of L identical subwires (all 
described by a one-dimensional discrete Laplacian) which are pairwise coupled by random 
hopping elements having random magnetic phases. Moreover, within each wire there is a 
random potential of the Anderson type. This is similar to a model considered by Wegner 
|Weg| and Dorokhov [Dor] . We are interested in the weak coupling limit of small random- 
ness. Next we show how this model leads to a question which fits the framework of the 
main theorems of this work. 



For a given fixed energy E E (—2, 2), the associated transfer matrices [BQ IPFj are 



i A,cr 



\W a -El -1 
1 



Let us introduce the symplectic form J , the Lorentz form Q and the Cayley transformation 
C by 

J = (l V) ' = (5 -°i) ' c = 71 (i ~a 

Then the transfer matrix "T\ a is in the hermitian symplectic group, namely it satisfies 
q-*jq- — j Hence its Cayley transform CTj® C* is in the generalized Lorentz group 
U(L, L) of signature (L, L) consisting by definition of the complex 2L x 2L matrices 
T satisfying T*QT = Q. As a first step let bring the transfer matrix in its normal 
form (this corresponds to a change of conjugation as in the proof of Lemma Setting 
E = —2 cos(fc) and 

Kf _ 1 ( sin(fc) 1 N 



v'sin^) V - cos ( k ) 1 1 / 
where \E\ < 2, sin(/c) 7^ 0, it is a matter of computation to verify 

T v = CNf* a N- l C* = K k e xv « E U(L,L), 

where 
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Note that the group generated by IZk is a subgroup of the group consisting of all TZg for 
6 G T. Furthermore, E(W CT ) = 0. 

The group U(L, L) naturally acts on the Grassmanian flag manifold M of (/-isotropic 
subspaces of C 2L [BLj . In order to describe the flag manifold, let us introduce the set of 
isotropic frames 

I = { $ G Mat(2L X L, C) : = 1; , = } . 



i 



One readily checks that each $ G I is of the from <E> = 2~t ( ) with U,V <E U(L). Hence 
I = U(L) x U(L) and it has a natural measure given by the product of the Haar measures. 
The column vectors of <3? then generate a flag. Two isotropic frames <J>i and $2 span the 
same flag if and only if there is an upper triangular L x L matrix S such that $1 = <I>2»S'. 
Due to the above, S is also unitary so that it has to be a diagonal unitary. These diagonal 
unitaries can be identified with the torus and thus I is a T^-cover of the flag manifold, 
namely M = I/T L = U(L) x U(L)/T L . Consequently M is a symmetric space and it also 
carries a natural measure p. The group action of U(L, L) on U(L) x U(L) is given 

A B ) ■ ( U ) ~ ( AU + BV ) S (23) 
CD) \V) ~ \CU + DV) ' 1 ' 

where S is an upper triangular matrix such that {AU + BV)S is unitary; then automati- 
cally also (CU + DV)S is unitary. This also defines an action on the quotient M and one 
readily checks that fi is invariant under the action of the subgroup U(L, L) n U(2L). 

Let us resume how the general framework of the introduction is applied in the present 
situation: the Lie group is Q = \J(L,L) acting on the compact flag manifold M. by ([23j) ; 
equation ([22]) shows that the rotation is 1Z = TZk and the random perturbation = V a , 
while V n ^ a = for n > 2. Objects of interest are now the L positive Lyapunov exponents 
ji t x(E), I = 1, . . . ,L [BLj . It can be shown that 

p , JV 

^T7i,x(E) = lim E-^/ p>A (x n ) = lim / a ,tv(/ p ,a) , (24) 

1=1 n=l 

where x n is the Markoff process on the compact manifold Ai and f, p \ will be defined next. 
Actually, we may also consider the action on the cover I and then f Pt \ is a class function, 
defined for $ = ((pi, ...,$£,) G I by 

= E CT log (||T A , CT 0i A... AT Ai(T ^ p || APC2i ) = E CT detp (l pxL ^*7^ a T x ^l Lxp ) , 

for 1 < p < L, where l pX L = (1, 0) is a p x L matrix and Ilxp = lp X L- Hence ji t \(E) are 
all given by a Birkhoff sum. As application of Theorem [2] one obtains the following. 

Proposition 8. As long as E = 2cos(/c) 7^ and \E\ < 2, the lowest order approximation 
po/j, of the invariant measure is the Haar measure on A4, that is, po = 1. The pth greatest 
Lyapunov exponent J P (E) is then given by 

1p{E) = A 2 1 ± 2{L 2 - P) + 0(A 3 ) . (25) 
8sm z (fe) 
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For L = 1, (|25p is proved in [PF]. At the band center E = the methods below show 
that the lowest order invariant measure is not the Haar measure. In the case L = 1 the 
measure was explicitly calculated in |SB2j . A formula similar to (|25p was obtained in 
[Dot]. It shows, in particular, that the Lyapunov spectrum is equidistant. Distinctness of 
the Lyapunov exponents can also be deduced from the Goldscheid-Margulis criterion. The 
first step of the proof is to expand f Pt \ w.r.t. A for any p. To deal with the expectation 
values, the following identities are useful. 

Lemma 5. Let P,Q £ Mat(L,C). Then one has 

E(W a ) = 0, E(W 2 ) = LI, E(Tr(PW a )Tr(QW a )) = Tr(PQ) , 
E(W a PW a ) = Tr(P) 1 , B(W a QW a ) = Q* 

Using this, some calculatory effort leads to 

/ p ,a(*) = ^ttt F p (*) + 0(A 3 ) , (26) 
8sm (k) 

where, setting $ = 2^2 (^) ; the class function F p is defined by 

F p ($) = 2Lp + LTr(l L , p (V*U + CfT)) + i [Tr{l L , p {U*V))} 2 + ^ [Tr(l L;p y*?7)] 2 - p 2 , 

where 1l ;p = lLxplpxL is the projection on the first p entries in C L . Therefore 

v 

S 'Vi \ = - 

!sin 2 (A;) AT 



^— * xam^l^l AT — w,r*r> 

i=i 



Note that F is a polynomial of second degree in the entries of (U, V) and hence consists of 
only low frequencies w.r.t. to (1Zk) as IZq (y) = ( e el ey) ■ Thus in order to apply Theorem[2] 
we just need to check the coupling hypothesis. 

5.2 Verifying the coupling hypothesis for Theorem [2] 

First we introduce a connected, transitively acting subgroup U C Q such that the space t> 
as defined in Theorem [2] fulfills u C D, where u is the Lie-algebra of U. Then U is also a 
subgroup of the group V as defined in Theorem [2] and V acts transitively as required. Set 

U = {di&g(U,V) : U, V e U(L) and UV G SU(L) } C U(L,L). 

Its Lie algebra is given by 

u = {diag(u , v) : u , v G u(L) , Tr(u + u) = } . 



Now the action of IA via ()23[) on I is not transitive, but it is indeed transitive on the 
quotient M = l/T L . 

Proposition 9. The Lie algebra u is contained in the Lie algebra t) generated by the set 
{KVR- 1 : TZ £ {TZ k ) , V £ supp(P (7 )}, where V a is given in ([22]). 
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Proof. We obtain 



itkia K k - 2sin{k) y_^k Wa _ Wa 

Hence 

O (ni.\<TJ , T> T> T>-± , T> l-COS(2fc) /'tW.j 

-2 cos(2k)V a + lZ k V a TZ k + TZ k V a TZ k = 



sm(k) V ~ lW ° 
f iW \ 

Therefore the space D contains all matrices „ TTT \ where W = W*. The commu- 

\ —iW J 

totor of such two _ „ (i- -l ^ ) . hen ce .so o bto ,»eo ta , As su(i , 

is a simple Lie-algebra and zU and zVF are arbitrary elements of u(L), the commutators 
[zV, zW] contain any element of su(L). Therefore, taking linear combinations of these 
terms shows that uCt). □ 

Thus Theorem [2] applies and equation (|25p follows readily from (j27|) once one has 
shown that is the Haar measure on M = U(L) x U(L)/T L for £ ^ 0. Furnishing 
.M with a left invariant metric, the Haar measure is the volume measure so that we have 
to show pq = C lju with some normalization constant C. This is equivalent to verifying 
that £*1m = 0- Using dp = —dp — div(<9p) and the special form L = E^vE^d™ R _x) 
of the Fokker-Planck operator in the present situation, one gets 



£*1 M = n {n) E a (([d RVnR -i+dw(d RVtTR -i)} 2 )l 



M, 



= E w E <T (a^ fl -i(div(a^ fi - 1 )) + (div(^ CTfl -i)) 2 ) . (28) 

In order to calculate this further one needs a formula for the divergence of a vector field 
dp, which is the object of the next section. 



5.3 Divergence of vector fields 

Let 

V = %\ E u(L,L) , A* = —A , D* = -D . 

The aim of this section is to calculate the divergence of the vector field dp on A4 . It can 
be lifted to a vector field on I = U(L) x U(L). At the point (U, V), dp is given by the 
path 

1 1 — > (U(l + t[U*AU + U*BV + S}), V(l + t[V*DU + V*B*U + S})) + 0(t 2 ) . (29) 

The upper triangular matrix S is determined by the fact that it has reals on the diagonal 
such that U*AU + U*BV + S is in the Lie algebra u(L). This leads to S + S* = -U*BV- 
V*B*U. In order to calculate S — S* , let us define the following M-linear function on 
Mat(L,C), 

w{A) = [Ej, k (A + A*fE j)k - E kJ (A + A*) l E k j\ , (30) 
j<k 
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where Ej k ls the matrix with a one at position j, k and a zero elsewhere. One obtains 
S-S* =w(-U*BV) = -w(U*BV) G u(L). Hence the path defining d v at (U, V) as in 
(|2Uj) is given by 

exp(tP) • (17, V) = (U(l + t[U*AU + ^(ETBV - F*5*C/) - -w(U*BV))), 

v(i + + - crw) - -w([/*bf)])) . 

Hence we associate to the induced (lifted) vector field the function P(U, V) = (U*AU + 
\{U*BV - V*BU) - \w(U*BV), U*DU + \(V*B*U - U*BV) - \w{U*BV)\). 

This vector field induces a projected vector field dp on M. and we want to calculate 
its divergence on M. The natural metric on u(L) x u(L) induced by the Killing form 
on u(2L) is given by ((u, v)\ (u, v)) = Tr(u*u + v*v). The Lie algebra f) of fj consists 
of the elements (i&,i&) for diagonal, real matrices An orthonormal basis (ui,Vi) 
for f)- 1 - in u(L) x u(L) is given by the matrices -^( E j,k ~ E k,ji®)i i-^{E^ k + E k j,0), 
^(0,E j>k - E kjj ), i±(0,E jjk + £ fcJ ) and t^Ej^-E^) for I < j < k < L. The 
derivative w.r.t. to the left-invariant vector field on U(L) x U(L) defined by (itj,Uj) will 
be denoted by 6r u . tV .y According to equation (|3"2"j) in Appendix C the divergence div(<3p) 
on A4 is given by 

J2s (Ui , Vi) ((u*,v*)\P(U,V)) = J2 s m(M<u*au + v*v*dv) 

i i 

~Tr((u i + v i )*w(U*BV)+ ± Tr(( Ui - Vi )*(U*BV - V*B*U))) . 

Now as u* = —Ui, one obtains 

5 {u . iVi) Tr(u*U*AU) = Tr(u*{u*U* AU + U* AUm)) = Tr(U*AU{u 2 - u\ )) = 0. 

Thus one has £\ 6 {u . , Vi) Tr (u*U*AU) = and analogously £V 8 {u . tVi) Tr(v*V* DV) = 0. 
Next consider £V (5( n . ^)Tr((nj + Vi)w(U* BV)). It is easy to check that for j ^ k one 
has J2i u i E j,kVi = Yji^i E j,kVi = and Y^i^i E j,k u i = Y<i u i E j,kUi = E k>j . The same 
holds with and Uj exchanged. ^From these equations, the cyclicity of the trace and the 
definition of w one obtains after some calculatory effort: 

^5 K)Ui) Tr(( Ui +i;>(tf*W)) = ^^((E^-^O^W + F^C/)) 

i j<k 

The remaining term in div(Op) is given by 
\Y. 5 ^MW-<W*BV -V*B*U)) = ^Tr((^- Ui ) 2 (C/*W + y*S*C/)). 

i i 

As J2i{vi — Ui) 2 = — 2L1, it follows that 

div(dp) = 2^eTr(CU*BV) , (31) 

where C = —LI + Y,j<k( E k,k ~ E j,j) = T,j=i ( 2 i ~ 1 ~ 2L ) E j,j- Note that div(<9p) is in 
fact a function on A4, i.e. it is independent on the choice of the preimage (U, V) because 
C is a diagonal matrix. 
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5.4 Volume measure to lowest order 

For E ^ 0, we now want to show CIm = using (|28p. As the group (7^) is a closed 
subgroup of the torus consisting of all Tig for 6 £ T = M/27rZ the Haar measure of (IZk) 
can be considered as a probability measure on T. Expectations w.r.t. to this measure 
with integration variable 9 £ T will be denoted by E#. Then for any function / on (Ilk), 
one has B n (f(R)) = E e (f(K e )). 

Lemma 6. Away from the band center E ^ 0, one has 

B e {e ±2ie ) = , B e (e ±Ald ) = . 

Proof. If k is an irrational angle, i.e. is irrational, then the closed group generated 
by TZk is just the set of all TZ$ and the measure Eg is the Haar measure of the torus 
T implying E^e^ 2 * 6 ) = E#(e =l:4 * e ') = 0. If A; is a rational angle, then the closed group 
generated by TZ k is finite and consists of all IZq such that e td is a s-th root of 1 for some 
natural s. The Haar measure is just the point measure giving each point the same mass. 
As sin(/c) / Owe get s > 2 which gives E^e^ 2161 ) = 0. Similarly as long as s ^ 4 one also 
obtains B(e ±4ld ) = 0. If s = 4 which means k = vr/2 and E = 0, then E e (e 4 * e ) = 1. □ 

Define A a = B a = and D a = -A a . Then KgPrKj 1 = (Jf^ & * D f°) ■ 

^From now on, we assume E ^ 0. First consider the term [div(9^ g p ft- 1 )] 2 appearing in 
(|28j) . By (EU) it is equal to 

e- 4ie T?(CU*B a V) 2 + e 4t6 Tr(CV*B*U) 2 + 2Tv(CU* B a V)T?{CV*B*U) . 

By Lemma [6] and Lemma [5] one obtains 

E^div^^x^)) 2 = —L_r,(ycu*ucv^ ~ ! 



2sin 2 /c 2sin 2 (re) 
Next we need to calculate the average of ^-ldrv^Q^p ^-i) which equals 

UeTr(e- 2l0 2CU*(A* a B a + B a D a )V + C{V*B*B a V + U*B a B*U) 
-e-^ e 2U*B a VU*B a V - e- 2ie U*B a V{Cw* 9 (T + w e ^C) 



where we^ = w(e 2ld U* B a V) and w is defined as in (|30|) , Averaging over (TZk) and a 
one gets by Lemma[6]and Lemma[5]that E^E^d^^-idlv^^-p^-i)) is equal to 

LTr(C) ( -2i6 



2 sin 2 (A;) 



E e E CT SRe e^Tr^S^C^ ff + wg, ff C)) 



The last term with w e , a consists of terms of the form e- AM Tt(U*B a VE kJ {U*BVyE k jC) 
and Tr(U*B fT VE jik U t B~ <T VE jtk C). The latter one gives A ^ k) Tt^UE^VWEj^C) = 

4sin 2 (fc) ^(Ek^C) after averaging over a. Therefore and by a similar result for the term 
with Wq as well as the definition of C, one obtains 

2 sin (re) 2 sin (re) 
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Putting everything together one has 



E^E,, (dlv(dW(d nPa7l -i)d 7lV{Tn -i)) 



Tr(C 2 ) + LTr(C) - Tr((C + L1)C) 
2 sin 2 (A;) 



Therefore the lowest order invariant measure pofj, on M. is given by the Haar measure. 

Appendix A: vector valued random variables 



Lemma 7. Let a = (a±, . 



be a centered, vector-valued random variable on 



a probability space (E, p) ; and each a& G L 2 (£, p). Then there exist a linear decomposition 
a = J2i v i^i over finitely many fixed vectors bi £ W 1 with coefficient vi which are centered 
random variables Vi G L 2 (£,p) that are uncorrelated E(viVi>) = ~Ei(vf)5iy . 

Proof. One can assume that the random variables au as elements on L 2 (£, p) are linearly 
independent (otherwise one takes a basis for the vector space span (supp(a)) and rewrites 
the random variable a as vector using this basis). Let us introduce Xkj for k > j and 
write the Ansatz v k = ak + Yli=i ^k,iQ-i- Inverting the matrix form of these equations 
gives 



( al ) 




\a n J 





\2,1 





1 







-1 



Vl 



\A n ,i • • • A„ in _i iy 

Hence one can write a as a sum ^2k v k^k where the ft^'s are the vectors of the inverted 
matrix. The VkS are pairwise uncorrelated, if E(vfcOi) = for all i < k, as this implies 
E(i>fct> i) = for all i < k. Now E(wfcOj) = for i = 1, . . . , k — 1 is guaranteed if 



/ E(a fe ai) \ 



/ El 



aiaij 



E(aia fe _i) \ 



\E(a k a k -i)/ \E(a fc _iai 



E(a fc _ia fe _i) J \Xk,k-iJ 



If the appearing matrix is invertible, one can resolve this equation to get j for all i < k. 
So it remains to show that this matrix is invertible which is equivalent to the property 
that the columns are linearly independent. Now let £j G R such that 



k-i 



fc-i 



B( aj ai) = E a, ^ & aA =0 



i=i 



i=i 



for all j = 1, . . . , k. The vector Yli<i<k-i ^ iCLi 1S ^ en orthogonal in L 2 (X, /i) to any vector 
in the subspace spanned by a\, . . . ,ak-i and it therefore has to be zero. As the random 
variables are linearly independent, one gets & = for alH = 1, . . . , k — 1. □ 
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Appendix B: Fourier series on compact Lie groups 



First let us summarize some facts about the representation theory of compact Lie groups. 
All this is well known and proofs can be found in the literature, e.g. [BuJ, but we need to 
introduce the notations for the proof of Theorem [5j 

Let ^ be a compact Lie group equipped with its normalized Haar measure and let 
T C R be some maximal torus % = T r , where r is called the rank of The continuous 
irreducible representations of the torus T are given by the characters, i.e. the homomor- 
phisms into the group S 1 = U(l) C C. Let us denote them by X*(T). They form a 
Z-module isomorphic to the lattice Z r and hence X*(T) is a lattice in the vector space 
V = M <S>z X*(T), the tensor product over the ring 7L. This is an abstract description of 
the fact, that the characters of the torus T r are given by the maps SgT'h e l ^' e for a 
fixed j £ 717 . In this case, V = W . 

Define some Ad^-invariant scalar product on the Lie algebra t of .ft, where Ad# denotes 
the adjoint representation, and adopt V with an scalar product (•, •) such that the norm 
of a £ X*(%) coincides with the operator norm of the derivative da acting on t, the Lie 
algebra of T. 

Let p be the orthogonal complement in 6 of t, the Lie algebra of T. Then the group 
T acts on the complexification pc = C (8>r p by the adjoint representation and linearity. 
This representation of X can be decomposed into irreducible continuous representations, 
which means pc = © ae $ Pa where p a is the set of P £ pc such that Adx(-P) = a(T)P for 
all T 6 T. One can show that the spaces p a are one-dimensional complex vector spaces. 
The appearing characters a£$C X*(X) are called roots of .ft. If a £ <3? is a root, then 
also —a £ <£. Note that the character —a as a map on T is given by (— a)(T) = (a(T)) -1 . 

One can divide the vector space V in an upper half space and a lower half space in such 
a way that there is no root on the boundary. A root in the upper half space is then called 
a positive root. The set of vectors v £ V that satisfy (v , a) > for all positive roots a is a 
so-called positive Weyl chamber C+ . An element of the lattice X* (T) lying in the positive 
Weyl chamber is called a highest weight. The set of highest weights will be denoted by 
W+. There is a one-to-one correspondence between the irreducible representations and 
the highest weight vectors. 

Theorem 3. Any irreducible (unitary) representation of ^ induces (by restriction) a 
representation of%, which when decomposed into irreducible representations of% contains 
exactly one highest weight a £ W+ . For any highest weight vector a £ W+ there is exactly 
one irreducible representation of & containing a. 

Let ir a : & — > U(d(a)) for a £ W+ be the corresponding irreducible unitary repre- 
sentation of dimension d(a). By Schur orthogonality and the Peter- Weyl theorem the 
matrix coefficients it a (K)kl j where 1 < k, I < d(a), of these representations, considered 
as functions on .ft, form an orthogonal basis for L 2 (8). The I? norm of such a matrix 
coefficient is d(a) -1 / 2 . Therefore the orthogonal projection of / onto the space spanned 
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by the matrix coefficients of the irreducible representation n a is given by 

d(a) d(a) 

Y / (/(£) Tr a (K)k,i) n a {K) ktl = Yl 

fc,Z=l ' ' k,l=l 

= d(a) Tr (Ff(a)Tr a {K)) , 

where 

Tf{a) = [ dKfiKMK- 1 ) . 

J Si 

Hence Schur orthogonality and the Peter- Weyl theorem imply the following. 
Corollary 4. Let f £ L 2 (K), then one obtains with convergence in L 2 (&) 

f(K) = Y, d(a)Tr(Ff(a)n a (K)) . 

ae\V+ 

As shown in |Su] one can characterize the smooth functions on & by their Fourier 
series. 

Theorem 4. A function f on A is smooth if and only if its Fourier coefficients are rapidly 
decreasing, which means that 

V/i>0 : lim \\a\\ h \\Tf(a)\\ = 

||a||— >oo 

Here \\J-f(a)\\ denotes the Hilbert- Schmidt norm. If this is fulfilled, then the Fourier series 
converges absolutely in the supremum norm on ^. 

Note that the definition of 0~f{a) to be rapidly decreasing is independent of the chosen 
norm on W+ C V. 

Now let us consider the compact group RxT L with the maximal torus 1.xT L and its Lie 
algebra ixM L . The characters of this torus also factorize by X*(1 x T L ) = X*(1) x Z L . 
As {1} x T L lies in the center, the direct product of the scalar product on t and the 
canonical scalar product on R L give a scalar product on t x M> L that is invariant under 
the adjoint representation of the group M. x T L . Therefore the induced scalar product on 
the vector space V x R L spanned by the characters also factorizes. 

As the adjoint representation of {1} x T L is trivial, the roots of R x T L consist of 
elements (a, 0) where a is a root of &. Therefore the positive roots of ^ x T L are simply 
the positive roots of R and, as the scalar product on V x M L factorizes, the positive Weyl 
chamber for 8. x T L is given by C+ x R L . Hence the highest weight vectors are given by 
W+ x Z L . 

Now for a G W+ the mapping (K,6) i— > 7r a (K)e l i' e is an irreducible representation of 
8. x T L which contains the highest weight vector (a, j) and by Theorem [3j it is the unique 
one containing this weight. Thus we have shown the following. 

Theorem 5. The highest weight vectors of &x T L are given by W+ x Z L , where W+ are 
the highest weight vectors of The irreducible representation parameterized by (a,j) E 
W+ x TL L is given by 

7r {aJ) (K,e) = 7r a (K)e^ e . 



J dK (f(k)Tr a (k-\^ n a (K) k>l 
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Hence the Fourier series of F is given by 



F(K,6) = Yl ^d(a)Tr^F(a,j)MK))e^. 

aew+ jez L 

with convergence in L 2 (^xT L ), where 

FF(a,j) = [ dK [ d9F(K,9)TT a (K- 1 )e' lj - e . 

Appendix C: Divergence of vector fields 

Let ft C 8. be some compact subgroups of the unitary group U(L) and let Ai = &/$} be 
the homogeneous quotient and tt : & — > Ai. On the Lie algebra u(L) and hence on the 
Lie algebra t of the Killing form (u, v) = Tr(u*v) defines a bi-invariant metric. At 
each point K 6 the Lie algebra rj of 9) form the vertical vectors, i.e. the kernel of the 
differential of tt. Hence the tangent space at tt(K) can be identified with the horizontal 
vectors, h -1- , the orthogonal complement of f) in 6. This identification depends on the 
choice of K. Two horizontal lifts of some tangent vector on Ai to two different preimages 
differ by a conjugation and therefore have the same length due to the invariance of the 
metric. Thus there is a unique metric on Ai such that the projection tt : & — > Ai is a 
Riemannian submersion. This metric is invariant under the action of R. 

Let Si be some orthonormal basis for t)^, then the push forward, TT*(Si) forms an 
orthonormal basis at tt(K). (This basis vectors may differ for two different preimages.) 
Let X be some smooth vector field on M. and denote the horizontal lift to 8. by X which 
then is also smooth. As tt is a Riemannian submersion, the covariant derivative of X with 
respect to TT*{Si) is given by tt*(V SiX). Let (Bj) denote some orthonormal basis of t and 
identify Bj with the left invariant vector field. Furthermore we identify any vector field Y 
with a function Y : 8. — > £ such that the vector at K is given by the path K exp(tY(K )). 
With VsX we denote the covariant derivative of the vector field X and with SsX the 
derivative of the function w.r.t. to the left-invariant vector field S. Then one has 



V S X = ^VsTriB^Bj = £ 



Tr(B*X)±[S,Bj] +5 S X 



If g denotes the metric on Ai, then the divergence of X at tt(K) is given by 
div(A>vr = ^(/(tt,^), V w . Si X)o7r = ^Tr^V^l) 

where we used that Si is horizontal so that g(TT*(Si), tt*(Y)) = Tr(S*Y) for all Y. Using 
the identity above and the fact that S* = —Si which implies Tr(5* [Si, Bj]) = the 
expression reduces to 

div(A>vr = Y^S Si Tr{StX) (32) 

i 

As Tr(S*Y) = for any vertical vector Y G f), the lifted vector field X does not need to 
be horizontal for the last equation to hold. 
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